Saturn base flow studies, volume I  Final report by Youngblood, W. W.
GPO PRICE $ 
CFSTI PRICE(S) $ 
Hard copy 
Microfiche 
ff 653 July 65 HEAT 
TECHNOLOGY 
LABORATORY 
INC. 
py ,,,is J 
lI*.+ ,:-. , +z P *$ 
zlr.4~.tif:,. $@@$&&& ....  
..... ..... .......... .......... ................. ................. ................. ................. ................. 
.......... 
..... ..... 
........... ..... ..... 
.......... 
66 1 A C C E S Y I T I ; I B E R I  - 33836 - S A C  OR TUX OR AD NUMBER) ITHRUJ T+T fCATEGO RY) 
4308 Governors Drivo - Huntsville, Alabama - 35805 
https://ntrs.nasa.gov/search.jsp?R=19660014547 2020-03-16T19:38:34+00:00Z
I .  
i 
I 
i 
I 
I 
TECHNICAL REPORT 
i i ' T L - T R - 2 2  
FINAL R E P O R T  
CONTRACT NAS8-11850 
VOl. I 
SATURN BASE FLOW STUDIES 
Compiled By 
W .  W .  Youngblood 
HEAT TECHNOLOGY L A B O R A T O R Y ,  INC. 
Huntsv i  1 le, Alabama 
HTL-TR-22 
October  1 4 ,  1 9 6 5  
Prepared  For 
N a t i o n a l  A e r o n a u t i c s  and Space Administration 
George C. Marsha l l  Space Flight Center 
Hunts v i  lle , Alabama 
CONTENTS 
Page 
ABSTflACT ................................................ V 
SUM.RY ................................................. v i  
PART I . INTEGRATION PXOCEDURES IN THE METHOD OF 
CHARACTERISTICS FOR A REACTING GAS ........... 1 
I n t r o d u c t i o n  ................................. 2 
L i s t  of Symbols .............................. 3 
Discussion ................................... 5 
Concius ions  .................................. 8 
References ................................... 9 
PAXT I1 . MULTIPLE COMBUSTION PRODUCTS FREEZING POINT 
DETERMINATION ................................ 11 
I n t r o d u c t i o n  ................................. 1 2  
D i scuss ion  .................................... 1 2  
The 3 r a y  Method ........................... 12 
The C o n t r o l l i n g  Xeaction Method ........... 1 3  
The Nonequi l ibr ium S o l u t i o n  ............... 14 
Conclus ions  .................................. 15 
Refe rences  ................................... 15 
PART 111 . EFFECT OF PASSAGT: THROUGH A SHOCK WAVE ON THE 
PROPERTIES OF A REACTING GAS ................. 17 
I n t r o d u c t i o n  ................................. 1 8  
L i s t  of Symbols  .............................. 19 
Page 
Discussion ................................... 21 
11 Methods of Calculation .................... 
Availability of Computer Programs ......... 2? 
Sample computations ....................... 23 
Placement of the  Restarting Line .......... 27 
Conclusions .................................. 28 
References ................................... 28 
Appendix ..................................... 30 
PART IV . SPECIFIC HEAT VARIATION THROUGH A NORYAL 
SHOCK ........................................ 34 
Introduct ion ................................. 3 5  
L i s t  of Symbols .............................. 36 
Discussion ................................... 38 
Partition funct ions  ....................... 38 
E v a l u a t i o n  of the Thermodynamic Properties 4 3  
Introduction of Nonequilibrium Effects 
Into EquiL1Srium Partition Function 
Equations ................................. 44 
Temperature P r o f i l e s  ...................... 45 
Recommendations .............................. 86 
References ................................... 4 7  
PART V . T I E  APPLICABILITY OF LATVAU'S XETHOD OF 
CIRCULAR ARCS FOR PRZ9ICTING SATURN PLUME 
BOUNDARIES ................................... 48 
Introduction. ................................ 49 
Discussion ................................... 5 0  
-5i.i- 
l -  
CONTENTS ( C o n ' t . )  
Page 
Conclus ions  .................................. 5 2  
Refe rences  ................................... 53 
PART V I  . DETERMINATION OF VELOCITIES I N  A TURBULENT 
GAS STREAM FROM SCATTERING OF A MONOCHROMATIC 
LIGHT BEAM ................................... 66 
I n t r o d u c t i o n  ................................. 6 7  
Theory ....................................... 6 8  
R e s u l t s  ...................................... 7 2  
D i s c u s s i o n  of  R e s u l t s  ........................ 73 
Conclus ions  and  Recom.cnd;ticns .............. 74 
References ................................... 74 
PART V I 1  . IMPORTANCE OF TURBULENCE XNTENSITY ON THE BASE 
HEATING PROBLEM .............................. 7 7  
I n t r o d u c t i o n  ................................. 7 8  
Discusa ion  ................................... 79  
De te rmina t ion  of C r i t i c a l  Reynolds Number . 79 
T h e o r e t i c a l  De te rmina t ion  of Cr i t i ca l  
Reynolds Number ........................ 79 
Exper imen ta l  De te rmina t ion  of Cr i t ica l  
Reynolds Number ........................ 80  
Methods of Heat T r a n s f e r  P r e d i c t i o n  by 
Malkus' Theory and R icha rdson ' s  C o r r e l a t i o n 8 1  
Malkus' T h e o r e t i c a l  R e s u l t s  ............ 8 1  
R i c h a r d s o n ' s  Expe r imen ta l  R e s u l t s  ...... 8 2  
I n f l u e n c e  of Turbulence  I n t e n s i t y  on 
Convect ive  Heat T r a n s f e r  .................. 8 3  
Conclus ions  .................................. 83  
Refe rences  .................................... 85 
-iv- 
ABSTRACT 
An investigation was made of various problem areas re- 
lated to the definition of the base flow environment of 
I 
SATURN vehicles. This investigation included studies of: 
(1) Integration Procedures in the Method of Characteristics 
for a Reacting Gas, (2) Multiple Combustion Products Freezing 
Point Determination, ( 3 )  Effect of Passage Through a Shock 
Wave on the Prnperties of G "n,i.ciing Gas, (4) Specific Heat 
Variation Through a Normal Shock, (5) The Applicability of 
Latvala's Method of Circular Arcs for Predicting SATURN 
Plume Boundaries, ( 6 )  Determination of Velocities in a 
Turbulent Gas Stream from Scattering of a Monochromatic 
Light Beam, and ( 7 )  Importance of Turbulence Intensity on 
the Base Heating Problem. 
S UPlMARY 
An investigation was made of various problem areas 
related to the definition of the base flow environment of 
SATURN vehicles. The results of the investigation are sum- 
marized below. 
Part I - Integration Procedures in the Method of 
Characteristics €or a Reacting Gas. - An investigation was 
made to determine the variation from one-dimensionality that 
exists when using the one-dimensional form of the chemical 
kinetics equations to describe a two-dimensional f l o w  by the 
method of characteristics. It was concluded that an accurate 
determination of the variation requires that a complete method 
of characteristics solution be made of flow throughout the 
entire nozzle and a comparison be made with values obtained 
using one-dimensional flow equations. 
Part I1 - Hultiple Combustion Products Freezina Point 
Determination. - An evaluation was made of vari-ous simplified 
methods of treating the chemical kinetics of reacting gas flows 
through the use of freezing point determinations of the chemical 
reactions. It was concluded t h a t  the limitations associated 
with the various simplified methods were not justified by 
computation time savings over a complete nonequilibriun s o l u t i o n .  
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P a r t  IIX - Effect of Passage Through a Shock Wave on 
t h e  P r o p e r t i e s  of a Reac t ing  Gas. - An i n v e s t i g a t i o n  was made 
of t h e  s u i t a b i l i t y  of v a r i o u s  methods f o r  computing f l o w  p a r a -  
meters and  compos i t ions  of r e a c t i n g  gases f lowing  tn rough  shock 
waves. Sample computa t ions  were made f o r  the f o l l o w i n g  t w o  
assumpt ions :  (1) frozen composition th rough  t h e  shock ,  and 
(2) e q u i l i b r i u m  compos i t ion  through t h e  shock. For  method- 
o f - c h a r a c t e r i s t i c s  s o l u t i o n s  based  upon c o n d i t i o n s  f o l l o w i n g  
a shock wave, t h e  c a l c u l a t e d  p r o p e r t i e s  o f  t h e  g a s  o b t a i n e d  
from t h e  assumpt ion  of e q u i l i b r i u m  compos i t ion  more c l o s e l y  
r e p r e s e n t e d  t h e  a c t u a l  v a l u e s  t h a n  the ~ s u l t s  Staineri for 
t h e  f r o z e n  cornposi t ion assumption. 
P a r t  I V  - S p e c i f i c  Heat V a r i a t i o n  Through a Normal 
Shock.  - A method is o u t l i n e d  for  t h e  d e t e r m i n a t i o n  of the 
v a r i a t i o n  of t h e  s p e c i f i c  heat t h rough  a normal shock wave 
u s i n g  p a r t i t i o n  f u n c t i o n s  and t e m p e r a t u r e  p r o f i l e s .  Recom- 
mendat ions  are made f o r  t h e  p o s s i b l e  s o l u t i o n  of t h i s  problem . 
by u s i n g  e x p e r i m e n t a l l y  de te rmined  t e m p e r a t u r e  p r o f i l e s  and 
r e l a x a t i o n  t i m e s .  
P a r t  V - The A p p l i c a b i l i t y  of L a t v a l a ' s  Method of 
C i r c u l a r  Arcs for P r e d i c t i n g  SATURN Plume Boundar ies .  - A 
comparison of plume boundar i e s  p r e d i c t e d  by La tve la ' s  Method 
of  C i r c u l a r  Arcs w i t h  photographs of t h e  SATURN S A - 1  e x h a u s t  
plume shows t h a t  Latvala 's  Method g i v e s  good agreement w i t h  
obse rved  SATURN plume shapes  a t  a l t i t u d e s  up t o  a b o u t  2 4  Km and 
above about 59 Km. 
- v i i -  
P a r t  VI - Determina t ion  of Velocities i n  a T u r b u l e n t  
Gas Strgam From S c a t t e r i n g  of a Monochromatic L i g h t  Beam.  - 
An a n a l y t i c a l  method was developed t o  de te rmine  mean flow 
velocity and t u r b u l e n c e  i n t e n s i t y  from measurements of Doppler  
s h i f t  and broadening  of a monochromatic light beam scattered 
from smoke p a r t i c l e s  suspended i n  a t u r b u l e n t  gas stream. 
The a p p l i c a t i o n  of t h i s  a n a l y s i s  t o  a r e p r e s e n t a t i v e  s e t  of 
data showed that this method c a n  i n  p r i n c i p l e  be used  fo r  
a c c u r a t e  measurements of t u r b u l e n t  gas stream v e l o c i t i e s .  
Part VI1 - Impor tance  of Turbulence  I n t e n s i t y  on t h e  
- Base -- Heating Problem, - A h i g h  degme of t u r b u l e n c e  i n t e n s i t y  
has been observed i n  t h e  base r e g i o n  of model t e s t s  e x p e r i e n c i n g  
s u p e r s o n i c  flow. The i n f l u e n c e  of t u r b u l e n c e  i n t e n s i t y  on  
c o n v e c t i v e  h e a t  t r a n s f e r  t o  the base can  be q u a l i t a t i v e l y  
p r e d i c t e d  i f  R i c h a r d s o n ' s  e m p i r i c a l  e q u a t i o n  is used .  The 
d i f f i c u l r y  of q u a n t i t a t i v e  p r e d i c t i o n  is due t o  t h e  lack of 
a s a t i s f a c t o r y  method t o  relate t h e  t u r b u l e n c e  i n t e n s i t y  t o  
t h e  c r i t i c a l  Reynolds number. 
- V i i i -  
PART I 
INTEGRATION PROCEDURES IN THE METHOD 
OF CHARACTERISTICS FOR A REACTING GAS 
BY 
Beverly J. Audeh 
-1- 
INTRODUCTION 
The a n a l y s i s  of chemical ly  r e a c t i n g  gas flow f i e l d s  
may be accomplished by inc luding t h e  chemical  k i n e t i c  equa- 
t i o n s  i n  the  method of c h a r a c t e r i s t i c s .  The chemical k i n e t i c  
equat ions  are u s u a l l y  in tegrated  along s treaml ines  us ing  t h e  
one-dimensional form of t h e  equat ions .  An i n v e s t i g a t i o n  was 
made to determine the  error involved i n  us ing  the  one-dimen- 
6ional form of t h e  chemical k i n e t i c  equat ions  to descr ibe  a 
two-dimensional flow f i e l d .  
-2- 
LIST OF SYMBOLS 
C V e l o c i t y  of sound 
g G r a v i t a t i o n a l  c o n s t a n t  
h S p e c i f i c  e n t h a l p y  
J 
kf, kb 
Hechanical energy e q u i v a l e n t  of h e a t  energy 
Specific r e a c t i o n  rate c o n s t a n t s ,  forward r e a c t i o n s  
and r e v e r s e  r e a c t i o n s  
n Total  number of r e a c t i o n s  
i? P r e s  sure 
Q Speed 
t 
U 
V 
Slope  of a s t r e a m l i n e  
V e l o c i t y  conponent i n  x d i r e c t i o n  
V e l o c i t y  component i n  y d i r e c t i o n  
X D i s t a n c e  c o o r d i n a t e  
Y Distance coordinate 
a',,ayj Stoichiometric c o e f f i c i e n t  of t h e  i t h  species 
i n  t h e  j t h  r e a c t i o n ,  r e a c t i o n s  a n d d u c t s  re- 
s p e c t i v e l y  
ij 
Y Ratio of s p e c i f i c  heats  
c 
r) Axis normal  t o  s t r e a m l i n e  
6 
R e a c t i o n  parameter i n  ax isymmetr ic  flow. 
Angle of i n c l i n a t i o n  of t h e  s t r e a m l i n e  relative 
t o  a x i s  of symmetry 
5 Axis along s t r e a m l i n e  
- 3 -  
P Densi ty  
U Concen t ra t ion :  mass fraction d i v i d e d  by mole- 
cular weight. 
S u b s c r i p t s :  
i Index 
j Index 
k Index 
Number of r e a c t i o n s  nr 
-4- 
DISCUSS1 ON 
The calculation of flow properties of a chemically 
reacting gas througn a two-dimensional nozzle  can be accom- 
plished by application of the method of characteristics 
including chemical reaction equations. This calculation 
requires the integration of t h e  chemical kinetic equations 
along streamlines. In order to integrate these equations, 
approximations are made to reduce the flow equations to 
one-dimensional form along t h e  stream'lines . 
These approximations reduce the fol lowing set of 
Equations (1-3) in two-dimensional form (Ref. 1): 
Momentum: 
Continuity: 
- 5 -  
where 
and 
I 
I 
I 
t o  t h e  s e t  of Equations (4-6) i n  one-dimensional form: 
Energy: I 
Momentum : 
Continui ty:  
where 
t = tan 6 
The degree to which Equations (4-6) represent  an actual t w o -  
dimensional  f low depends on t h e  u n i f o r m i t y  of t h e  flow. 
t h e  equat ions ,  t h i s  impl i e s  t h a t  
From 
-6- 
and 
+ -- 2 
b n  --;z q 3 y  - -  
and 
T n i s  i s  a p p r o x i m a t e l y  correct i f  v?q is neg l ig i t \ l y  small and 
3-of p ,  p ,  Q o r  q i s  n e g l i g i b l y  small. These c o n d i t i o n s  are 
J Y  
r e q u i r e d  f o r  t h e  flow w i t h i n  t h e  f i n i t e  i n t e r v a l  of o p e r a t i o n  
of t h e  method of characteristics from one p o i n t  t o  t h e  n e x t  
a l o n g  a s t r e a m l i n e  t o  approach one-d imens iona l  flow. For  long  
s l e n d e r  n o z z l e s  t h e  one-dimensional  r e p r e s e n t a t i o n  i s  n e a r l y  
correct. For s h o r t  r a p i d l y  expanding flows where l a r g e  f low 
i n c l i n a t i o n s  a l o n g  s t r e a m l i n e s  are i n v o l v e d ,  t h e  one-d imens iona l  
r e p r e s e n t a t i o n  may n o t  be a p p r o p r i a t e .  
Within t h e  method o f  cnaracterist ics the: flow e q u a t i o n s  
are a p p l i e d  a l o n g  a p a r t i c u l a r  s t r e a m l i n e  ra ther  t h a n  o v e r  the 
e n t i r e  flow area, hence the i n c l i n a t i o n  of t h e  s t r e a m l i n e  
d e t e r m i n e s  t h e  accu racy  of us ing  t h e  one-d imens iona l  form of 
the e q u a t i o n s .  
I n  Ref. 1, t h e  v a r i a b l e  t is i n t r o d u c e d  t o  p a r t i a l l y  
compensate  f o r  t h e  two-d imens iona l i ty  of t h e  flow. I n  C q .  ( 6 )  
- 7 -  
the arc length of the streamline is approximated by the 
chord length (Fig. 1). The variable t is a measure of the 
variation of the streamline from one-dimensional form. The 
amount of variation f r o m  actual one-dimensionality enters 
at each calculation of a point throughout the characteristic 
net. An absolute determination of the total variation re- 
quires a complete calculation over the entire nozzle and a 
comparison with values obtained using one-dimensional flow 
equations 
Equilibrium f l o w  is a special case of a reacting gas 
flow. Der. ( R e f .  2 )  t z a t s  L l q u i l i h r i m  flQW th??(??rgh 2” zxisym- 
metric expansion nozzle. Variation of velocity, degree of 
dissociation, pressure, temperature, and frozen Mach number 
across the nozzle-exit exists even though one-dimensional 
chemical kinetic equations were used within the calculation. 
CONCLUSIONS 
Two-dimensional flows approach one dimensionality in 
the limiting case. Solution by the method of characteristics, 
however, is based upon a finite difference technique which 
does not reach the limiting case. The amount of variation 
from actual one-dimensionality enters into the calculation 
at each point and affects the following points throughout 
the characteristic solution f o r  a two-dimensional flow. 
An absolute determination of the total variation requires 
-8 -  
a complete calculation over t h e  e n t i r e  nozzle and a compari- 
son with values obtained u s i n g  one-dimensional flow equations, 
REFERENCES 
1. Ssrli, V. J., “Investigation of Nonequilibrium flow 
Effects in High Expansion Nozzles”, United Aircraft 
Corp., Conn., September 20, 1963, N64-11743. 
2 .  Der, J. J., flTheoretical Studies of Supersonic Two- 
Dimensional and Axisyrnmetric Yonequilibrium Flow, In- 
c lud ing  Calculations of F l o w  Through a Nozzle” ,  NASA 
TR R-164, December 1963. 
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I 
INTRODUCTION 
The e x a c t  d e s c r i p t i o n  of a r e a c t i n g  gas flow r e q u i r e s  
complete e v a l u a t i o n  of t h e  coupled flow e q u a t i o n s  and chemical 
p r o c e s s  e q u a t i o n s .  For s i n g l e  r e a c t i o n s  (Ref. 1, 2 ,  and 3 )  
it  has been poss ib l e  t o  compute a f r e e z i n g  p o i n t  as a result 
of local c o n d i t i o n s  changing so r a p i d l y  due t o  n o z z l e  expan- 
s i o n  t h a t  t h e  r e a c t i o n  can n o t  keep pace w i t h  t h e  changes.  
C a l c u l a t i o n  of t h e  c o n d i t i o n s  i n  t h e  n o z z l e  downstream of t h e  
f r e e z i n g  p o i n t  is g r e a t l y  s i m p l i f i e d  s i n c e  t h e  gas i s  t r e a t e d  
as i f  it were of f i x e d  composi t ion th rough  t h e  r e s t  of t h e  
nozzle. When m u l t i p l e  r e a c t i o n s  are c o n s i d e r e d ,  t h e  com- 
p l e x i t y  of t h e  combined and coupled chemical reactions makes 
d e f i n i t i o n  of an a c c u r a t e  s i n g l e  f r e e z i n g  p o i n t  d i f f i c u l t  
s i n c e  each r e a c t i o n  has a d i f f e r e n t  f r e e z i n g  p o i n t .  An 
i n v e s t i g a t i o n  was made t o  de termine  the accuracy  l i m i t a t i o n s  
and the computat ion t h e  sav ings  r e s u l t i n g  from t h e  use  of 
f r e e z i n g  p o i n t  d e t e r m i n a t i o n s  i n  complex r e a c t i n g  flow. 
DISCUSS1 ON 
The Bray Method 
The Bray method (Refs. 4 and 5 )  t o  f i n d  t h e  f r e e z i n g  
p o i n t  f o r  complex r e a c t i n g  flow i s  based upon a check of each 
-12- 
r e a c t i o n  a t  e v e r y  s t e p  of t h e  c a l c u l a t i o n  f o r  f r e e z i n g .  
A p p l i c a t i o n  of t h i s  method r e q u i r e s  knowledge of t h e  effect  
of each r e a c t i o n  on a l l  the o t h e r s .  For compl i ca t ed  flow 
w i t h  many r e a c t i o n s  t h i s  c a n  become a ponderous t a s k .  O v e r a l l  
flow q u a n t i t i e s  (Ref. 6 )  o b t a i n e d  by t h e  'dray method are com- 
p a r a b l e  t o  those o b t a i n e d  u s i n g  a n  e x a c t  f i n i t e  ra te  non- 
e q u i l i b r i u m  s o l u t i o n .  C o n c e n t r a t i o n s  are ,  n e v e r t h e l e s s ,  n o t  
as a c c u r a t e l y  p r e d i c t e d  and t h e  v a l u e s  c a n  be used o n l y  
q u a l i t a t i v e l y .  
r e a c t i o n s  i n v o l v e d  must n o t  exceed t h e  number of chemical 
s p e c i e s  less t h e  number of elements i n v o l v e d  i n  t h e  flow, 
l i m i t s  t h e  cases t o  which tne Bray method can  be a p p l i e d .  
A f u r t h e r  r e s t r i c t i o n  t h a t  t h e  number of 
The C o n t r o l l i n g  R e a c t i o n  Method 
Another  approach  t o  d e t e r m i n a t i o n  of t h e  f r e e z i n g  p o i n t  
of a complex flow is t o  assume t h a t  the chemical a c t i o n  of t h e  
gas m i x t u r e  is c o n t r o l l e d  by only one of t h e  r e a c t i o n s .  
method (Ref. 7 and 8 )  i m p l i e s  t h a t  t h e  e n t i r e  flow can be 
treated as f r o z e n  as soon as t h e  c o n t r o l l i n g  r e a c t i o n  becomes 
f r o z e n .  
reaction is j u d i c i o u s l y  chosen t o  de te rmine  t h e  f r e e z i n g  p o i n t ,  
t h i s  t e c h n i q u e  leads t o  a c l o s e  approx ima t ion  of t h e  actual 
flow p r o c e s s .  
process does allow e l i m i n a t i o n  of some s p e c i e s  and t h e i r  
r e a c t i o n s  on t h e  basis of s m a l l  e q u i l i b r i u m  c o n c e n t r a t i o n .  
The choice o f  t h e  correct c o n t r o l l i n g  reaction r e q u i r e s  
This 
If there is a s i n g l e  c o n t r o l l i n g  r e a c t i o n  and i f  t h a t  
Assumption of a c o n t r o l l i n g  r e a c t i o n  i n  t h e  
-13 -  
e x t e n s i v e  a p r i o r i  knowledge of t h e  flow which i n  many cases 
is n o t  a v a i l a b l e .  
The Sonequ i l ib r ium S o l u t i o n  
S i n c e  both of t h e  above t e c h n i q u e s  u s u a l l y  r e q u i r e  a 
n o n e q u i l i b r i u m  s o l u t i o n  i n  t h e  i n i t i a l  s t a g e s ,  a l l  n e c e s s a r y  
data for a complete n o n e q u i l i b r i w n  s o l u t i o n  u s u a l l y  are a v a i l -  
able. With t h e  a p p l i c a t i o n  of modern d i g i t a l  computers ,  a 
n o z z l e  flow c a l c u l a t i o n  f o r  exact  n o n e q u i l i b r i u m  k i n e t i c  
s o l u t i o n  does n o t  r e q u i r e  e x c e s s i v e  computer  time: ORE! cxsmzle 
(Ref. 9 )  of t h e  c a l c u l a t i o n  through t h e  d i v e r g i n g  s e c t i o n  of 
a n o z z l e  r e q u i r e d  about 1 0  minutes  of IBM 7090 t i m e .  Another  
case (Ref. l o ) ,  i n  which the  f low was c a l c u l a t e d  from the com- 
b u s t i o n  chamber through the converg ing  s e c t i o n  and  t h e  d i v e r g i n g  
s e c t i o n  of t h e  n o z z l e  t o  t h e  e x i t ,  r e q u i r e d  a total of 2 hours 
of IBM 7090 machine t i m e .  
1 -3 /4  h o u r s ,  was used  i n  computat ion of t h e  flow f i e l d  up to 
t h e  t h r o a t .  The computa t ion  through t h e  d i v e r g e n t ,  s u p e r s o n i c  
p o r t i o n  of t h e  nozzle r e q u i r e s  a c o n s i d e r a b l y  shor te r  t i m e  t h a n  
t h e  c o n v e r g e n t ,  s u b s o n i c  p o r t i o n  and  the c r i t i ca l  throat  s e c t i o n .  
While there is  r e l a t i v e l y  small  e f f ec t  on n o z z l e  performance 
(Ref. 11) because  of t h e  slow change i n  p r o p e r t i e s  i n  the 
last p a r t  of t h e  d i v e r g e n t  s u p e r s o n i c  n o z z l e ,  e x a c t  n o n e q u i l i -  
brim s o l u t i o n s  c a n  be obtained i n  r e a s o n a b l e  computer times 
w i t h o u t  t h e  l i m i t a t i o n s  inherent i n  f r e e z i n g  p o i n t  s o l u t i o n s .  
The g r e a t e r  p a r t  of t h i s  t i m e ,  
-14- 
An exact n o n e q u i l i b r i u m  s o l u t i o n  f o r  u s e  w i t h  an  e x i s t i n g  
n o z z l e  i a  o u t l i n e d  i n  Ref. 1 2 .  S i n c e  t h e  exact n o n e q u i l i b r i u n  
s o l u t i o n  i s  w i t h i n  r e a s o n a b l e  time r e q u i r e m e n t s ,  the assump- 
t i o n s  and r e s t r i c t i o n s  of f r e e z i n g  p o i n t  c a l c u l a t i o n s  c a n  be 
avoided  by u s i n g  t h e  exact s o l u t i o n  i n  s u p e r s o n i c  n o z z l e  f l o d  
a n a l y s i s  , 
C 0 NC LUS I ON S 
E v a l u a t i o n  of t h e  method o u t l i n e d  by S ray  and t h e  method 
of a s i n g l e  c o n t r o l l i n g  r e a c t i o n  t o  de te rmine  an e f f e c t i v e  
f r e e z i n g  p o i n t  i n d i c a t e s  t h a t  t h e  l i m i t a t i o n s  on a c c u r a c y  
r e s u l t i n g  from t h e  u s e  of t h e s e  t e c h n i q u e s  are n o t  u s u a l l y  
w a r r a n t e d  by computer  t i m e  s a v i n g s  o v e r  t he  a p p l i c a t i o n  of t n e  
exact n o n e q u i l i b r i u m  s o l u t i o n  th roughou t  the n o z z l e ,  
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PART 111 
EFFECT OF PASSAGE THROUGH A 
SHOCK WAVE ON THE PROPERTIES 
OF A REACTING GAS 
3Y 
Beverly J. Audeh 
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I MTR 0 DUCT I 0 N 
The flow p a r a m e t e r s  o f  gases i n  a s u p e r s o n i c  f l o w  
field are o f t e n  computed by t h e  method of characterist ics,  
b u t  this computa t ion  can n o t  be ex tended  across a shock 
wave. When a shock wave is encoun te red  t h e  character is t ic  
n e t  is u s u a l l y  allowed t o  approach t h e  ups t r eam side of t h e  
shock f r o n t  and is t h e n  restarted on t h e  downstream s ide  
of the shock ,  t a k i n g  i n t o  account  t h e  change i n  p rope r t i e s  
across t h e  shock. 
T . l L  - - c h e m i c a l l y  r e a c t i n g  gas m i x t u r e s  are i n v o l v e d ,  
t h e  e v a l u a t i o n  of t h e  p r o p e r t i e s  along t h e  r e s t a r t i n g  l i n e  
c a n  3e q u i t e  i m p o r t a n t .  
m i x t u r e  which has  t r a v e r s e d  a shock wave t o  reach i t s  equili- 
brium condition. I f  t h e  r e s t a r t i n g  l i n e  of t h e  characterist ic 
n e t  i s  p l a c e d  i n  such  a l o c a t i o n  t h a t  e q u i l i b r i u m  has n o t  y e t  
A f i n i t e  t h e  is  r e q u i r e d  for a 
been attained, the a c t u a l  va lues  of t h e  p h y s i c a l  p r o p e r t i e s  
for t h e  gas m i x t u r e  a t  this p o i n t  are between t h e  f r o z e n  and 
e q u i l i b r i u m  v a l u e s .  
perties behind  a shock using 50th a c o n s t a n t  s p e c i f i c  heat  
r a t i o  case and an  equili5rium case bracket t h e  possible v a l u e s  
t h a t  will be p r e s e n t  on t h e  n o n - c h a r a c t e r i s t i c s  r e s t a r t i n g  
line. 
The c a l c u l a t i o n  of t h e  p h y s i c a l  pro- 
-18- 
LIST OF SYMBOLS 
C A i  I 
P C 
C V  
Mole f r a c t i o n  of A i ,  dimensionless 
S p e c i f i c  h e a t  at constant p r e s s u r e ,  cal/g5K 
S p e c i f i c  heat at c o n s t a n t  volume, callgOK 
D D i s s o c i a t i o n  energy ,  Kcal/mole 
Energy from the d i s s o c i a t 5 o n  process, cal /g  ED 
h En tha lpy ,  c a l / g  
J 
K.E. K i n e t i c  energy, cal /g  
M M01ecsla~ weigh t ,  gig-mole 
Mechanical  e q u i v a l e n t  of h e a t ,  e r g s / c a l  
P P r e s s u r e ,  a t m  
R Gas c o n s t a n t ,  ergs/OK 
S 
T 
Entropy,  cal/g°K 
Temperature ,  OK 
U V e l o c i t y ,  cm/sec 
a '  , a" S t o i c h i o m e t r i c  c o e f f i c i e n t  of t h e  i th species 
ij i j  i n  the t h  r e a c t i o n ,  r e a c t a n t s  and p r o d u c t s  -
re  spec ti ve l y  
Number of atoms of  t h e  i t h  atomic s p e c i e s  i n  
t h e  j t h  molecu la r  s p e c i e s ,  a tomslmolecule .  -*i j 
Y Ratio o f  s p e c i f i c  heats, cp/cv, d i m e n s i o n l e s s  
P Density, g/cm 3 
S u b s c r i p t s  : 
a ,  
5 
F i r s t  v a l u e  o b t a i n e d  i n  t h e  i t e r a t i v e  process 
Second v a l u e  obtained i n  the i t e r a t i v e  p r o c e s s  
i 
j 
’ 1  
2 
Index 
Index 
Conditions ahead of the shock 
Conditions behind the shock.  
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DISCI  SSIC I 
Methods of C a l c u l a t i o n  
Two cases b r a c k e t  t h e  p o s s i b l e  p h y s i c a l  p r o p e r t i e s  
beh ind  the shock  wave: 
(1) t h z  c o n s t a n t  s p e c i f i c  h e a t  r a t io  case, and 
( 2 )  t h e  case of e q u i l i b r i u m  o u t s i d e  t h e  shock r e g i o n  
b u t  i n c l u d i n g  r e a l  gas ef fec ts  caused  3 y  the 
shock 
The c o n s t a n t  s p e c i f i c  hea t  r a t i o  case is s o l v e d  u s i n g  t h e  
Rankine-Hugoniot e q u a t i o n s  w i t h  t h e  physical c o n s t a n t s  ob- 
t a i n e d  from t h e  i n i t i a l  c o n d i t i o n s  of t h e  gas. 
C a l c u l a t i o n  of e q u i l i b r i u m  p r o c e s s e s  for a r e a c t i n g  
gas r e q u i r e s  a d u a l  i t e r a t i o n  t o  o b t a i n  p h y s i c a l  p r o p e r t i e s  
of t h e  gas which h a s  pas sed  th rough  a shock wave. 
of t h e  i t e r a t i o n s  is r e q u i r e d  t o  o b t a i n  t h e  e q u i l i b r i u m  
p a r t i a l  p r e s s u r e s  of t h e  c o n s t i t u e n t  gases a t  t h e  assumed 
t e m p e r a t u r e  behind  t h e  shock wave. 
are t h e n  used  t o  obtain t h e  energy  of t h e  g a s  and t h e  new 
m o l e c u l a r  we igh t  of t h e  mix tu re .  The i t e r a t i o n  upon t h e  
assumed t e m p e r a t u r e  i s  checked by e q u a t i n g  t h e  ene rgy  made 
a v a i l a b l e  by t h e  shock as the rma l  ene rgy  t o  t h e  ene rgy  used  
to ra ise  t h e  t e m p e r a t u r e  and change t h e  sta te  of t h e  gas. 
T h i s  p r o c e d u r e  is g i v e n  in detail i n  t h e  Appendix and in 
Gaydon and Hurle (Ref. 1). 
The f i r s t  
These p a r t i a l  p r e s s u r e s  
-21- 
A v a i l a b i l i t y  of Computer Programs 
Even f o r  s i m p l e  r e a c t i o n s  t h e  i t e r a t i v e  s o l u t i o n  is  
long and detailed. 
oxygen in which a t  least  e i g h t  r e a c t i o n s  are c o n s i d e r e d  of 
impor t ance  a t  h i g h  t e m p e r a t u r e s  and p r e s s u r e s  (Refs.  2 - 4 1 ,  
t h e  e v a l u a t i o n  of e q u i l i b r i u m  p r o p e r t i e s  f o r  a g i v e n  tempera- 
t u r e  r e q u i r e s  the use of a d i g i t a l  computer.  
programs were found t o  be a v a i l a S l e .  
i n  R e f .  5 will c a l c u l a t e  e q u i l i b r i u n  properties i n c l u d i n g  
u A u Q u L r ~ L G U  p ~ ~ d i i c t u .  
Flight Center by Mr. Klaus Gross (Ref. 6 )  Is patterned after 
t h a t  of Ref. 5. 
(Ref. 5 )  is p r e s e n t l y  be ing  mod i f i ed  t o  i n c l u d e  Debye-Huckel 
effects and i o n i z a t i o n  p o t e n t i a l  l ower ing  e f fec ts  b u t  these 
will n o t  be c o n s i d e r e d  h e r e .  T h e s e  effects are of l i t t l e  
impor t ance  e x c e p t  a t  high t e m p e r a t u r e s  and low p r e s s u r e s .  
For a sys tem of r e a c t i n g  hydrogen and 
Two computer 
The program descr ibed 
A: -A- 2 ---- A program c o n s t r u c t e d  a t  Marshall Space 
The program developed  by Ze lezn ik  and  Gordon 
The p h y s i c a l  p r o p e r t i e s  of hydrogen and oxygen r e q u i r e d  
by t h e  g e n e r a l  e q u i l i b r i u m  programs are a v a i l a b l e  i n  Refs. 
5 ,  8 ,  and 9 .  The aSove computer programs would r e q u i r e  
c e r t a i n  m o d i f i c a t i o n s  t o  e n a b l e  r ead -ou t  of t h e  e n e r g y  used 
i n  t h e  d i s s o c i a t i o n  p r o c e s s .  
r e q u i r e d  for  the energy balance which de te rmines  t h e  cor- 
rect  t e r m i n a t i o n  of  the iteration. A program t o  h a n d l e  tne 
e n t i r e  i t e r a t i o n  would essentially be an a d d i t i o n a l  sub-  
r o u t i n e  t o  e i t h e r  of t h e  two e q u i l i b r i u m  programs d i s c u s s e d  
above. 
The d i s s o c i a t i o n  ene rqy  is 
- 2 2 -  
Sample Computations 
Hydrogen-Oxygen System. - To de te rmine  the a p p l i c a -  
b i l i t y  of t h e  computa t iona l  p rocedures ,  one case for a 
hydrogen-oxygen system was c a l c u l a t e d .  To e n a b l e  t h e  cal- 
culation t o  be performed by hand, tables of thermodynamic 
properties (Ref. 10) and t a b u l a t e d  values of d i s s o c i a t i o n  
e n e r g i e s  (Ref. 1) were used .  T h i s  e l i m i n a t e d  t h e  f i r s t  
i t e r a t i o n  since e q u i l i b r i u m  p r o p e r t i e s  for given p r e s s u r e s  
and t e m p e r a t u r e s  were obtained by i n t e r p o l a t i o n  between t h e  
values 1 i s t c d ,  '%z i n i t i i i l .  f31i3iti011s a p p l i c a b l e  f o r  bo th  
cases c o n s i d e r e d ;  the c o n d i t i o n s  of t h e  gas after it hzs 
passed  th rough  a shock c a l c u l a t e d  f o r  a constant s p e c i f i c  
heat ratio case; and the p r o p e r t i e s  of a gas w i t h  dissocia- 
t i o n  a l lowed i n  an e q u i l i b r i u m  s t a t e  after t r a v e r s i n g  a 
normal shock are given i n  Table  1. 
- 2 3 -  
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Table 1. 
Properties of a Hydrogen-Oxygen System 
Constant Dissociating 
S p e c i f i c  Heat Equilibrium 
Initial Conditions Ratio Case Case 
p1 = 1 atm p2/pl = 98.81 pz /p l  = 134.33 
TI = 700°K T2/T1 = 14.98 T2/T1 = 6 .429 
hl = - 2 5 & 2 . ?  c a l / g  T2 = 10,430°K T2 = 4500°K 
s1 = 4.578 cal/g*K p 2 / p r  = 6.594 p 2 / p 1  = 13.035 
b s  = 1,150 AS = 1.6627 
cal/g°K cal/g°K 
c = 0.7940 c = 0.7940 c : 5 . 6 9 8  
P1 cal/g°K p2 caI/g*K p2 cal/g°K 
= 8.16 x l o 5  
cm/sec 
= 1.1628 
[G,] = 0.0977 
Mach No. = 9.309 [O,] = 0 . 0 3 0 8  
[HI ]  = 0.0 CHI) = 3.0 fH,] = 0,2143 
CH,1 = 0.4960 f H 2 1  = 0.4960 [Ii,3 = 0.3986 
[H203 = 0.5040 [H203 = 0 . 5 0 4 0  [ H , ) ]  = 0 . 2 5 6 5  
[OH] = 0.0 [OH] = 0.0 [ O H 1  = 0.1021 
y 2  = 1.3303 y 2  y1 = 1.3303 
Comparison of t h e  r e s u l t s  f o r  the two cases indicates 
that the specific heat ratio decreases from 1.3303 for the 
f rozen  case to 1.1628 for  the equilibrium calculation. The 
specific heat for the frozen flow assuaption remained 0.7940 
-24 -  
cal/g*K w h i l e  i n  t h e  e q u i l i b r i u m  case it rose t o  5 . 6 9 8  cal/g°K. 
T h i s  case was a r b i t r a r i l y  chosen t o  d e t e r m i n e  whether  t h e  com- 
p u t i o n a l  p rocedure  was c o r r e c t .  
m i x t u r e  i s  h i g h l y  a c t i v e ,  the e x p e r i m e n t a l  d a t a  c o l l e c t e d  t o  
d a t e  h a s  been of expe r imen t s  i n  which t h e  r e a c t i o n  was re- 
p r e s s e d  by a d d i t i o n  of i n e r t  g a s e s .  
p l a c e  in t h e  expe r imen t s  are q u i t e  d i f f e r e n t  from e q u i l i b r i u m  
p r o c e s s e s  of a pure  mixture of t h e s e  g a s e s .  A comparison of 
these  c o m p u t a t i o n a l  r e s u l t s  w i th  ac tua l  e x p e r i m e n t a l  r e s u l t s  
h a s  t h e r e f o r e  n o t  been made. 
Since a hydrogen-oxygen 
The r e a c t i o n s  t a k i n g  
____ Carbon . Dioxide - - - System. - A sample c a l c u l a t i o n  fo r  CO, 
performed by Gaydon and Hurle  (Ref. I )  l i s t e d  v a l u e s  for b o t h  
t h e  c o n s t a n t  s p e c i f i c  h e a t  r a t i o  case and rea l  d i s s o c i a t i n g  
gas i n  e q u i l i b r i u m  case. 
t h e  c o n d i t i o n s  of t h e  gas after it  has passed th rough a normal 
shock  c a l c u l a t e d  using a c o n s t a n t  s p e c i f i c  hea t  r a t i o ;  and t h e  
p r o p e r t i e s  of t h e  g a s  when t r e a t e d  as a real  d i s s o c i a t i n g  gas 
i n  e q u i l i b r i u m  are p r e s e n t e d  in T a b l e  2 .  
The i n i t i a l  c o n d i t i o n s  of t h e  g a s ;  
-25- 
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Table 2. 
P r o p e r t i e s  of a Carbon Dioxide System 
Constan t  D i s s o c i a t i n g  
S p e c i f i c  Heat E q u i l i b r i u m  
I n i t i a l  C o n d i t i o n s  R a t i o  Case Case 
p1 = 1 atm 
Ti = 298'K 
hl = 0 c a l / g  
M1 = 44.01 
u1 = 3.0 x 1 0  cm/sec 
Mach No. = 1 1 . 1 5  
5 
y = 1.291 
cco23, = 1.0000 
p2/p1 = 140 p 2 / p 1  = 15c1 
T2/T1 = 1 8 . 7 5  
T2 = 5590'K 
T 2 / T 1  = 9 - 0 9  
T2 = 2710'K 
M2 = 4 4 . 0 1  M2 f 3 9 . 4 0  
P 2 / P l  = 7.47 p 2 / p 1  = 1 4 . 8 0  
y = 1 . 2 9 1  [O], = 0 .0092  
[C023, = 1.0000 CC02I2 = 0 .7172  
[COl2 = 0 . 1 9 5 2  
[0,12 = 0 . 0 9 3 1  
Comparison of d e n s i t y  r a t i o s  behind  t h e  shock o b t a i n e d  
from theoret ical  and e x p e r i m e n t a l  e v a l u a t i o n  of C 0 2  are g iven  
i n  R e f .  11. Shock t h i c k n e s s  was a r b i t r a r i l y  d e f i n e d  i n  Ref. 11 
as t h e  t h i c k n e s s  r e q u i r e d  fo r  t h e  d e n s i t y  r a t io  t o  become 
p 2 / p l  = 6.0 .  T h i s  comparison w a s  shown f o r  s e v e r a l  l e v e l s  
of e x c i t a t i o n  of t h e  v i b r a t i o n a l  modes. A r e p r o d u c t i o n  of 
t h i s  comparison is shown i n  F ig .  1. 
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Placement  of t h e  R e s t a r t i n g  Line 
V i b r a t i o n  and d i s s o c i a t i o n  r e l a x a t i o n  times for GO2 
were found i n  Ref. 11 t o  be much l o n g e r  t h a n  shock t r a n s i t  
times. 
t i o n  t i m e  was found t o  be 2 . 6 7  times t h a t  of t h e  shock t r a n s i t  
For a shock velocity of 3 . 0  x l o s  cmlsec t h e  vibra- 
t i m e  and t h e  d i s s o c i a t i o n  time was 157 times longer. Assuming 
t h a t  t h e  gas was t r a v e l i n g  a t  a v e l o c i t y  co r re spond ing  t o  
u2 = U1/6, tne gas w i l l  travel 50  mean free paths behind the 
shock d u r i n g  t h e  v i b r a t i o n a l  r e l a x a t i o n  t i m e  and 3130 mean 
free paths during d i s s o c i a t i o n  r e l a x a t i o n  t i m e .  All mean 
- -  f r e e  - -  ~ 5 t h ~  = ~ e  calculated bzfora the shrjtk. tu1 sii QFiginai 
pressure  of 0.015 t o r r  these d i s t a n c e s  were c a l c u l a t e d  to be 
7 . 5  x l o e 4  mm and  4.5 x lo’* mm r e s p e c t i v e l y .  
S i n c e  t h e  processes w i t h i n  a shock wave and t h e  re- 
l a x a t i o n  r e g i o n s  behind  i t  are q u i t e  complex, the placement  
of a charac te r i s t ic  r e s t a r t i n g  l i n e  s u f f i c i e n t l y  far  down- 
stream of t h e  shock  t o  insure t h a t  t h e  gas  would be i n  an  
e q u i l i b r i u m  state would s i m p l i f y  t h e  p rocedure .  The dis- 
t a n c e  r e q u i r e d  f o r  t h e  flow t o  reach i t s  e q u i l i b r i u m  v a l u e s  
would a p p e a r  t o  be n e g l i g i b l y  small ,  2 .e .  4.5 x mm i n  
t h e  C02 example g i v e n  above. 
s i o n  immedia te ly  following t h e  shock i s  e n c o u n t e r e d ,  t h e  
by -pass ing  of t h i s  s h o r t  d i s t a n c e  w i l l  be u n l i k e l y  t o  a f f e c t  
t h e  f i n a l  c h a r a c t e r i s t i c  s o l u t i o n .  
Unless e x t r e m e l y  r a p i d  expan- 
I 
-27- 
CONCLUSIONS 
The chemical and p h y s i c a l  p r o p e r t i e s  of a g a s  computed 
f o r  t h e  cases of c o n s t a n t  spec i f ic  heat r a t i o  th rough  a normal  
shock and of t h e  real  gas i n  e q u i l i b r i u m  a f t e r  t h e  s h o c k , b r a c k e t  
t h e  p o s s i b l e  c o n d i t i o n s  a t  specific d i s t a n c e s  beh ind  a normal 
shock. A comparison of t h e  downstream p r o p e r t i e s  o b t a i n e d  
from t h e  t w o  cases f o r  a hydrogen-oxygen system show l a r g e  
d i f f e r e n c e s .  
p r e c l u d e s  comparison of t h e  computa t ions  w i t h  t e s t  r e s u l t s .  
A v a i l a b l e  e x p e r i m e n t a l  data for a CQ.2 s y s t e m  i n d i c a t e  that 
t h e  gas t r a v e l s  o n l y  a s h o r t  d i s t a n c e  w i t h i n  t h e  d i s s o c i a t i o n  
t i m e  a f t e r  p a s s i n g  th rough  a shock wave. The placement  of a 
characterist ic r e s t a r t i n g  line s u f f i c i e n t l y  far  downstream 
of the shock  t o  i n s u r e  t h a t  the gas had reached i t s  e q u i l i -  
brium c o n d i t i o n  can  be used  t o  s i m p l i f y  t h e  computa t ion  pro-  
c e d u r e .  Unless  e x t r e m e l y  r a p i d  expans ion  immedia te ly  f o l l o t r i n g  
the shock  e x i s t s ,  t h e  u s e  of e q u i l i b r i u m  p r o p e r t i e s  a l o n g  t h e  
r e s t a r t i n g  l i n e  s h o u l d  n o t  a d v e r s e l y  a'fecf- t h e  f i n a l  c h a r a c t e r -  
i s t i c  s o l u t i o n .  
Lack of e x p e r i m e n t a l  d a t a  for t h e  H2-02 sys tem 
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APPENDIX 
CALCULATION OF THE E Q U I L I B R I U M  STATE 
OF A REAL DISSOCIATING GAS 
Given: 
Determine: 
Assume: 
brium at positions 1 and 2. 
Calculation Procedure: 
pl, TI, ul, and gas composition at position 1. 
p 2 ,  T2, p 2 / p 1  and f i n a l  gas composition at position 2. 
The gas exhibits t h e  properties of a real gas at e q u i l i -  
(i) Assume a t-aliiz for  T2 u A 1 u  
- -A  pz 
(ii) Determine the partial pressure or mole fraction 
and the molecular weight M2 of the shocked gas 
using the assumed T2 and p2  in t h e  following 
equations : 
- 30- 
F BijlAjI 
B jiCAil 
a i Number of A t o m s  o f  Element i 
Number of Atoms of Element j 
t-s 0 ( 5 )  
(iii) Use the partial pressums,  fAijts, and the value 
of Mq to obta in  the value of h2 and A ED f r o m  
(iv) Calcu la te  p z / p I  from the fo l lowing  equat ion using 
the assumed T2 and p2 with M2: 
( v )  Evaluate kinetic energy f r o m  
u? I 
( v i i )  Compare the value f r o m  step ( v i )  with t h a t  obtained 
- 
-31- 
If I(h2 - hila - ( h 2  - h l ) b l <  c ,  an a r b i t r a r y  
maximum allowable error, t h e  i t e r a t i o n  is com- 
p l e t e .  
and t h e  i t e r a t ion  r e p e a t e d .  
Otherwise,  a n o t h e r  choice of T2 i s  r e q u i r e d  
( v i i i . 1  When t h e  b a l a n c e  of  e n e r g i e s  is o b t a i n e d ,  use t h e  
p 2 / p l  r a t i o  from s t e p  (iv) t o  e v a l u a t e  a f i n a l  
p2tpi from 
(ix) Use t h i s  p2/p1 v a l u e  w i t h  t h e  f i n a l  T2 v a l u e  t o  
o b t a i n  t h e  f i n a l  p 2 / p l  from t h e  f o l l o w i n g  e q u a t i o n :  
(XI With t h e  f i n a l  T2, p /D , and p2/p1* d e t e r m i n e  t h e  
e q u i l i b r i u m  compos i t ion  of gas a t  s t a t i o n  ( 2 )  u s i n g  
s t e p  (ii). 
2 - 1  
-32- 
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PART IV 
SPECIFIC HEAT VARIATION THROUGH 
A NORMAL SHUCK 
BY 
Beverly 3. Audeh 
-3Li- 
I N T R O D U C T I O N  
The passage  of a shock wave through a gas c a u s e s  a 
r a p i d  change i n  t h e  gas p r o p e r t i e s  such as t e m p e r a t u r e  and 
pressure. 
e r a t u r e  of t h e  gas, however, do n o t  a d j u s t  i n s t a n t a n e o u s l y ,  
or a t  t h e  same ra te ,  t o  t h e  new c o n d i t i o n s  f o l l o w i n g  t h e  
passage of t h e  shock. Scala and T a l b o t  (Refs. 1 and 2) 
i n v e s t i g a t e d  t h e  r e l a x a t i o n  of these energy  modes and chose 
a r e l a x a t i o n  model with d i rec t  c o u p l i n g  between r o t a t i o n a l  
and v i b r a t i o n a l  t e m p e r a t u r e s  and an i n d i r e c t  c o u p l i n g  through 
t h e  t r a n s l a t i o n a l  t empera tu re .  This model was used t o  cal- 
culate t empera tu re  p r o f i l e s  th rough a normal shock. A method 
is p r e s e n t e d  in t h i s  s t u d y  t o  use these t e m p e r a t u r e  p r o f i l e s  
t o  determine the  v a r i a t i o n  of s p e c i f i c  heats of a n o n - r e a c t i n g  
gas t h rough  a normal shock wave. 
The v a r i o u s  energy modes t h a t  d e f i n e  t h e  temp- 
-3s- 
Be 
Bv 
C 
C 
- 
C 
D 
P 
e 
Ei 
e 
gi 
h 
J 
k 
L 
m 
Q 
re 
S 
s i  
T 
V 
V 
LIST OF SYMBOLS 
R o t a t i o n a l  s p e c t r o s c o p i c  c o n s t a n t  
S p e c t r o s c o p i c  c o n s t a n t ,  d e f i n e d  by Eq.  17 
Speed of l i g h t ,  cxri/sec 
Mean m o l e c u l a r  speed, cm/sec 
S p e c i f i c  heat a t  c o n s t a n t  pressure , cal/g°K 
R o t a t i o n a l  s t r e t c h i n g  c o n s t a n t  
S p e c t r o s c o p i c  c o n s t a n t ,  d e f i n e d  by Eq.  1 8  
Energy of i t h  state, cal /g  
E l e c t r o n i c  s ta te  
Quantum mechanica l  degeneracy  of i t h  ene rgy  s t a t e  
P l a n c k ' s  c o n s t a n t ,  erg/sec 
R o t a t i o n a l  quantum number for molecules  
B o l t m a n n  c o n s t a n t ,  erg/OK 
Mean free p a t h ,  cm 
Mass, g 
P a r t i t i o n  f u n c t i o n  
I n t e r n u c l e a r  d i s t a n c e ,  c m  
Ent ropy ,  cal/g°K 
Symmetry factor 
Tempera ture ,  O K  
V i b r a t i o n a l  s tate 
-
-
Volume, c m  3 
- 3 6 -  
j 
xe 
ye 
X 
E 
e 
a 
B 
e 
U 
“i 
w e 
Mole f r a c t i o n  of t h e  i t h  component 
V i b r a t i o n a l  s p @ c t r o s c o p i c  c o n s t a n t ,  cm-’ 
V i b r a t i o n a l  s p e c t r o s c o p i c  c o n s t a n t ,  ern-’ 
V i b r a t i o n a l  s p e c t r o s c o p i c  c o n s t a n t ,  cm‘l 
R o t a t i o n a l - v i b r a t i o n a l  coup l ing  c o n s t a n t  
Re laxa t ion  t i m e ,  sec 
R o t a t i o n a l - v i b r a t i o n a l  coup l ing  c o n s t a n t  
V i s c o s i t y ,  g/cm sec 
Reduced mass of molecule 
Average number of i n t e r m o l e c u l a r  c o l l i s i o n s  
required for r e l a x a t i o n  
V i b r a t i o n a l  s p e c t r o s c o p i c  constant, cm-’ 
S u b s c r i p t s  : 
e Dependence upon t h e  e l e c t r o n i c  s t a t e  
i Energy s t a t e  index  
i n t  I n t e r n a l  energy s t a t e  
j Species  index  
r Dependence upon the r o t a t i o n a l .  s ta te  
t r a n s  T r a n s l a t i o n a l  energy states 
- 37- 
I)ISCUSSION 
P a r t i t i o n  Funct ions  
The r e q u i r e d  p a r t i t i o n  f u n c t i o n s  are b r i e f l y  descr ibed  
here i n  a f a s h i o n  similar t o  t h a t  g i v e n  by D r e l l i s h a k  (Ref. 3 ) .  
The p a r t i t i o n  f u n c t i o n  for a s i n g l e  p a r t i c l e  is d e f i n e d  as 
where t h e  summation i s  made over all a l l o w a b l e  ene rgy  l e v e l s ,  
L - ~  
T.. The ene rgy  l e v e l s ,  Ei, can be w r i t t e n  i n  more detai l  as I 
where : Etrans :: t r a n s l a t i o n a l  ene rgy  of t h e  p a r t i c l e  
= e l e c t r o n i c  excitation ene rgy  
= v i b r a t i o n a l  energy of a molecular c o n s t i t u e n t  Z,,(e) 
E,(v,e)= r o t a t i o n a l  energy .  
If the  last three terms in Eq. 2 are called i n t e r n a l  energy 
nodes, t h e  ene rgy  of t h e  p a r t i c l e  can be w r i t t e n  i n  t h e  fol- 
lowing form: 
- 
Ei - Etrans + ‘ in t  
- 3 8 -  
(3) 
Because of t h e  mathematical form of Eq. 2 and  3 ,  the p a r t i t i o n  
f u n c t i o n  can be r e w r i t t e n  as 
Q = Qtrans Q i n t  (4) 
The sum o v e r  all t r a n s l a t i o n a l  ene rgy  s ta tes ,  Qtrans9 
can  be e v a l u a t e d  as 
and o v e r  all internal ene rgy  states,  Qint9 as 
(6) 
where t h e  summations over  e ,  v, and r mean t h a t  t h e  summations 
are t o  be t a k e n  r e s p e c t i v e l y  o v e r  a l l  a l l o w a b l e  e l e c t r o n i c ,  
v i b r a t i o n a l ,  and r o t a t i o n a l  energy  s ta tes  of t h e  p a r t i c l e .  
Rigid Rotator-Harmonic O s c i l l a t o r .  - For  cases in which 
t h e  t e m p e r a t u r e  levels  are l i m i t e d ,  the simple r e p r e s e n t a t i o n  
by a model of a r i g i d  r o t a t o r - h a r m o n i c  o s c i l l a t o r  g i v e s  much 
u s e f u l  i n f o r m a t i o n .  
can  be w r i t t e n  i n  t h e  f o l l o w i n g  form: 
For  t h i s  model the v i b r a t i o n a l  ene rgy  
-39- 
If the energy is referenced to the  zero point  vibrational  
energy, E,(e), E q .  7 can be  rewr i t t en  as 
E v ( e )  - E,(@) 
hc 
= u v  e ( 8 )  
The equat ion for t h e  allowable rotational energy s t a t e s  may 
be w r i t t e n  as 
where : 
h 
B =  2 .  e 8+crre 
(10) 
E q .  10 represents  i n d i r e c t l y  the moment of i n e r t i a  of the 
co ta tor. 
The symbol J i n  E q .  9 is t h e  r o t a t i o n a l  quantum number 
which can take  on all integer values.  
Be, the value  of t h e  reduced mass, u, of t h e  molecule  is 
defined as 
In the d e f i n i t i o n  of 
"lm2 
v =  
ml + m2 
-40- 
The degeneracy cor responding  t o  the r o t a t i o n a l  mode 
g, = 25 + 1. (111, 
Using t h e  reference l eve l  as t h e  zero p o i n t  v i b r a t i o n  energy 
and w i t h  gv = 1 for  all v, the v i b r a t i o n a l  partition f u n c t i o n  
is w r i t t e n  as 
- E e-(i=;e3 
V = 3  
Qv - 
- 
Qv - 
c 
( 1 2 )  
. (13) 
Using E q .  9 and 11, tne r o t a t i o n a l  contribution to t h e  internal 
p a r t i t i o n  f u n c t i o n  becomes 
( 2 5  + l)e (14) 
In Eq. 14, s '  is a symmetry f a c t o r  which is two for symmetr ica l  
d i a t o m i c  molecules  and one f o r  unsymmetr ical  d i a t o m i c  molecules .  
-41- 
Coupled Vibration and Rotation. - When temperatures 
higher than the limits of applicability of the rigid rotator- 
harmonic oscillator occur, t h e  effect  of coupling between the 
vibration and rotation modes must be included. 
a semi-empirical expression Is needed to represent the v ibra-  
tional energy accurately. 
for that purpose: 
I n  this case 
The fo l lowing  equation is formulated 
where ue x, ... are spectroscopic constants. 
Because of coupling, t h e  rotational energy is now 
written as 
Dv = D, - Be (v + 1/21 
3 ae D = -  
2 
e . 
(18) 
(19) 
2 The last term, Dv J (J + I.)’, accounts f o r  the centrifugal 
-42 -  
s t r e t c h i n g  effect  which may be c o n s i d e r e d  as t h e  p o t e n t i a l  
energy of r o t a t i o n .  
J u s t  as p l a c i n g  l i m i t s  upon the t empera tu re  c o n s i d e r e d  
could make t h e  r i g i d  ro t a to r -ha rmon ic  osc i l la tor  a p p l i c a b l e ,  
t h e  t empera tu re  l i m i t s  can be set  such  t h a t  i o n i z a t i o n  effects 
are of n e g l i g i b l e  impor tance ,  
e v a l u a t i o n  of the  p a r t i t i o n  f u n c t i o n  for e l e c t r o n i c  e x c i t a t i o n .  
I n  t h i s  res t r ic ted case, t n e  p a r t i t i o n  f u n c t i o n  can  be d e s c r i b e d  
by the t r a n s l a t i o n a l ,  v i b r a t i o n a l ,  and r o t a t i o n a l  modes. 
This l i m i t a t i o n  e l i m i n a t e s  t h e  
E v a l u a t i o n  of t h e  The Thermodynamic Pmperties  
To o b t a i n  t h e  thermodynamic propert ies  t h e  p a r t i t i o n  
f u n c t i o n s  c a l c u l a t e d  are used i n  a s y s t e m a t i c  method. 
e n t r o p y  may be e v a l u a t e d  from t h e  following e q u a t i o n :  
The 
Using these v a l u e s  of entropy i n  
t h e  c o n t r i b u t i o n  f r o m  t h e  v a r i o u s  energy  l e v e l s  t o  the 
s p e c i f i c  heat is o b t a i n e d .  
i s  the  sum of a l l  t h e  components. 
The s p e c i f i c  hea t  fcr species j 
c ,>c 
P j  i P i  
-43- 
( 2 2 )  
I .  
I 
I 
I 
! 
For n o n - r e a c t i n g  gas mixtures (Ref. 4 )  
C =/x. c 
Pmix j J Pj 
where x is the  mole fraction of t h e  j t h  component. 
j 
I n t r o d u c t i o n  of Nonequi l ibr iwn Effects I n t o  
E q u i l i b r i u m  P a r t i t i o n  Func t ion  Equa t ions  
(23) 
A p p l i c a t i o n  of these p a r t i t i o n  f u n c t i o n s  and thermo- 
dynamic e q u a t i o n s  through E shock is dependent  upon several 
assumpt ions  or r e s t r i c t i o n s .  The most r i g i d  restrictton ii= 
t h e  n e c e s s i t y  t h a t  these equations be used for equil ibrium 
c o n d i t i o n s .  The assumpt ion  t h a t  t h e  t e m p e r a t u r e  v a r i a t i o n  
th rough  the shock o c c u r s  i n  a s t epwise  manner can be used 
to s a t i s f y  t h i s  r equ i r emen t .  Though t h e  t e m p e r a t u r e s  of 
t h e  v a r i o u s  modes are n o t  n e c e s s a r i l y  e q u a l ,  t h e  modes are 
assumed t o  be in e q u i l i b r i u m  a t  t h e i r  r e s p e c t i v e  t e m p e r a t u r e s .  
For example, t h i s  i m p l i e s  t h a t  t h e  p a r t i t i o n  f u n c t i o n  fo r  t h e  
r o t a t i o n a l  mode can  be w r i t t e n  w i t h  t h e  r o t a t i o n a l  t e m p e r a t u r e ,  
T, as if t he  equil ibrium temperature were t h i s  r o t a t i o n a l  
t e m p e r a t u r e .  Since the temperature profiles were d e f i n e d  
i n  such  a manner t h a t  t h e y  i n d i c a t e  t h e  d e v i a t i o n  from e q u i l i -  
brium, the  use of these component t e m p e r a t u r e s  (Tp, T,, and Tt) 
i n  t h e  p a r t i t i o n  f u n c t i o n s  p r o v i d e s  a method t o  i n t r o d u c e  
n o n - e q u i l i b r i u m  e f f e c t s  and  still allow a p p l i c a t i o n  of e q u i l i b r i u m  
-44- 
e q u a t i o n s .  After t h e  i n d i v i d u a l  p a r t i t i o n  f u n c t i o n s  are 
e v a l u a t e d ,  t h e  d i f f e r i n g  s p e c i e s  are treated as ideal gases 
and combined as a m i x t u r e  of ideal g a s e s .  
Temperature  Profiles 
A mathematical model of t h e  t e m p e r a t u r e  i n  which t h e r e  
i s  d i r e c t  c o u p l i n g  between T, and Tv,  and i n d i r e c t  c o u p l i n g  
th rough  TtWasdeveloped by T a l b o t  and Scala ( R e f .  2 ) .  
shock wave s t r e n g t h s  were a r b i t r a r i l y  picked. The number of 
i n t e r m o l e c u l a r  c o l l i s i o n s  r e q u i r e d  to reach. a s t a t e  cf equili- 
brium is  n o t  y e t  w e l l  e s t a b l i s h e d .  The t e m p e r a t u r e  p ro f i l e s  
mentioned above are de termined  f o r  p a r a m e t r i c  v a l u e s  of t h e  
m o l e c u l a r  collisions r e q u i r e d  for e q u i l i b r i u m  t o  be a t t a i n e d .  
A r e l a x a t i o n  t i m e ,  3i, may be related t o  t h e  a v e r a g e  number, 
qi, of i n t e r m o l e c u l a r  collisions. The mean m o l e c u l a r  s p e e d ,  
c ,  and  t h e  mean f ree  path, L, are a l s o  i n v o l v e d  w i t h  t h i s  
r e l a t i o n  i n  t h e  f o l l o w i n g  manner: 
The 
- 
Exper imen ta l  v a l u e s  f o r  r e l a x a t i o n  times are l i m i t e d  
i n  q u a n t i t y .  
shock waves i n  C 0 2  i n  Ref. 5 and for  N2 in Ref. 6 .  
Some v a l u e s  for r e l a x a t i o n  times are g i v e n  for 
Use of t h e  above e q u a t i o n s  allows an approximate deter -  
m i n a t i o n  of the v a l u e  of si co r re spond ing  t o  the e x p e r i m e n t a l l y  
-115- 
determined r e l a x a t i o n  t i m e ,  tli. 
c a l c u l a t i o n  of t h e  tempera ture  r e l a x a t i o n  profiles u s i n g  
Using these +i v a l u e s ,  a 
t h e  model o u t l i n e d  by Talbot and Scala will. p r o v i d e  a check 
upon the  accuracy  of t h e  model i t s e l f .  
accu racy  of t h e  model,  a v a i l a b l e  e x p e r i m e n t a l  v a l u e s  of 
I f  there i s  s u f f i c i e n t  
r e l a x a t i o n  t i m e  would p rov ide  t empera tu re  profiles th rough 
other  shock waves. 
RECOMMENDATIONS 
1. Experimental va lues  fc\r t e q e r e t u r e  profiles and relaxa- 
t i o n  times are a v a i l a b l e  for  normal  shock waves i n  CO,. 
I t  is  recommended t h a t  these r e l a x a t i o n  times be used 
t o  c a l c u l a t e  t empera tu re  p r o f i l e s  using t h e  mathematical 
L 
model w i t h  both direct and i n d i r e c t  c o u p l i n g  of t h e  
t empera tu res .  
2 .  I f  t h e  mathematical model is t hen  de termined  t o  be s u f -  
f i c i e n t l y  correct, r e l a x a t i o n  times can  be used t o  e v a l u a t e  
t empera tu re  p r o f i l e s  th roughout  o ther  shock waves. 
3. It i s  recommended t h a t  the use o f  e q u i l i b r i u m  p a r t i t i o n  
f u n c t i o n s  t o  de termine  specif ic  heat v a r i a t i o n  through 
a shock shou ld  be extended t o  include r e a c t i n g  and i o n i z -  
ing gases. 
-46- 
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PART 
THE APPLICABILITY OF LATVALA'S METHOD 
OF CIRCULAR ARCS FOR PREDICTING 
SATURN P LUME B DUN DAR I C S 
BY 
L. H. i isher 
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INTRODUCTION 
The e x h a u s t  jet of a rocket  engine expands u n t i l  the 
j e t  boundary pressure 5s equal t o  t h e  ambient pressure. 
o p e r a t i o n  a t  h i g h  a l t i t u d e s ,  a d j a c e n t  rocket engine exhaust 
plumes may impinge mutually and interact wi th  the f ree  stream, 
thus r e s u l t i n g  in r e v e r s e  flow of  hot gases and i n  other 
phenomena associated w i t h  base h e a t i n g  of vehicles. I t  is 
desirable, therefore,  t o  be able  t o  predict c h a n g ~ s  f n  t h o  
plume boundar i e s  due t o  change i n  a l t i t u d e .  
With  
There  are s e v e r a l  methods of approx ima t ing  t h e  shape  
of t h e  e x h a u s t  plumes which do n o t  r e q u i r e  t h e  u s e  of lengthy 
computa t ions .  The method of circular arcs as p r e s e n t e d  by 
L a t v a l a  (Ref. 1) is a n  e m p i r i c a l  method of approx ima t ing  t h e  
i n i t i a l  shape of the plume boundary. Using t h i s  t e c h n i q u e ,  
u s e f u l  approx ima t ions  of t h e  plume shape near t h e  n o z z l e  
e x i t  may be c a l c u l a t e d  ve ry  r e a d i l y  for expans ion  of a s i n g l e  
s u p e r s o n i c  jet i n t o  q u i e s c e n t  a i r ,  b u t  mutua l  j e t  i n t e r a c t i o n  
for c l u s t e r e d  e n g i n e  c o n f i g u r a t i o n s  and  flight aerodynamic 
i n t e r f e r e n c e  effects are n o t  c o n s i d e r e d .  I t  i s  the purpose  
of t h i s  i n v e s t i g a t i o n  t o  de te rmine  w h e t h e r  L a t v a l a ' s  method 
may be a p p l i e d  t o  p r e d i c t i o n  of f l i g h t  plume b o u n d a r i e s  for 
such  vehicles as t h e  SATURN. 
-49- 
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I DISCUSSION 
Comparisons w e r e  made between plume b o u n d a r i e s  p r e -  
dicted by L a t v a l a ' s  method and v i s i b l e  plume b o u n d a r i e s  shown 
i n  pho tographs  of t h e  SATURN SA-1 f l i g h t .  Photographs  of t h e  
SATURN SA-1 f l i g h t  were o b t a i n e d  for t h e  p o r t i o n  of v e h i c l e  
t r a j e c t o r y  between 11.71  Km and 49.22 Km. The luminous o u t -  
l i n e  af t h e  plume boundary was visible in these  photographs  
and  was t r a c e d  as shown i n  F ig .  l a  t h r u  Fig. 1L. T h i s  luminous 
o u t l i n e  i s  assumed t o  approximate t h e  t r u e  plume boundary. 
The plume b o u n d a r i e s  as observed in t h e s e  phcJtographs 
are slightly d i s t o r t e d  due t o  the changing  a t t i t u d e  of t h e  
v e h i c l e  w i t h  r e s p e c t  t o  t h e  p o i n t  of o b s e r v a t i o n .  Over t h e  
a l t i t u d e  r ange  unde r  observation, however, t h i s  d i s t o r t i o n  
is c o n s i d e r e d  n e g l i g i b l e .  Other effects  which might  create 
some error are t h e  v e h i c l e  a n g l e - o f - a t t a c k  and e n g i n e  tilt. 
These  effects ,  also,  are considered n e g l i g i b l e .  
The pressure a l t i t u d e  corresponding t o  each of t h e  
photographs was t a k e n  from Ref. 2 .  A Prandtl-Meyer expan- 
sion from t h e  n o z z l e  l i p  t o  this p r e s s u r e  a l t i t u d e  was used 
to c a l c u l a t e  t h e  i n c l i n a t i o n  of t h e  circular arc plume boundary 
at the n o z z l e  ex i t .  The expans ion  was made from t h e  165K 
t h r u s t  H-1 e n g i n e  using t h e  f o l l o w i n g  equation, 
- 
al - 
-5'3- 
where : 
ax = The inclination of the plume boundary at t h e  
nozzle exit 
: Prandtl-Heyer turning angle corresponding to "I. the pressure altitude to combustion chamber 
pressure ratio, (P, = 578 psia) 
= Prandtl-Meyer turning angle corresponding to 
the nozzle exit Mach number, (Mexit = 3.12) 'j 
e, = The nozzle exit cone angle (r 9 . 2 5 O ) .  
The circular arc radius of the plume was obtained from R e f .  1 
which gives an experinentally determined curve of (Rlr.1 3 
versus the nozzle e x i t  Mach Number for the case of y = 1.4. 
Tnen the following equation (Equation ( 2 )  of R e f .  11, 
where : 
R =  
was used to 
Radius of circular arc 
Radius of jet e x i t  
Mach number at jet exit 
Specific heat ratio 
correct the radius ratio ( R / r j )  1. to the proper 
s p e c i f i c  heat ratio. 
is characteristic 
in these calculations. 
A specific heat ratio ( y )  of 1.14, which 
of the engine under consideration, was used 
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I .  
C i r c u l a r  arc approximat ions  of the plume b o u n d a r i e s  
are shown i n  t he  f i g u r e s  for comparison w i t h  b o u n d a r i e s  ob- 
t a i n e d  from t h e  pho tographs .  A t  a l t i t u d e s  between 11.71 Km 
and 24.86 Km the approx ima t ions  f i t  t h e  f l i g h t  plume b o u n d a r i e s  
q u i t e  w e l l  as shown in Fig .  l a  t h r u  F ig .  Id .  A t  h i g h e r  
a l t i t u d e s ,  however, d u r i n g  t h e  p e r i o d  of h i g h  free stream 
dynamic p r e s s u r e  w i t h  t h e  r e s u l t i n g  aerodynamic i n t e r f e r e n c e  
effects ,  t h e  approx ima t ion  does n o t  compare f a v o r a b l y  with t h e  
pho tographs  (Fig. l e  t h r u  lj). Favorab le  compar isons  appea r  
t o  a g a i n  be a c h i e v e d  a t  t h e  ex t r eme ly  high a l t i t u d e s  of Figs. 
Pk and 1L. A t  t h i s  a l t i t u d e ,  the  free stream dynamic p r e s s u r e  
ie a g e i ~  =:nd theye is l i t t l e  seita,Gjiiiaic 
i n t e r f e r e n c e .  
CONCLUSIONS 
L a t v a l a ' s  method of c i r c u l a r  arcs appears to be u s e f u l  
fo r  t h e  p r e d i c t i o n  of plume boundar i e s  for t h e  SATURN I 
c l u s t e r e d  e n g i n e  c o n f i g u r a t i o n  under  f l i g h t  conditions a t  
which free stream aerodynamic i n t e r f e r e n c e  effects are n o t  
s e v e r e .  For t h e  t r a j e c t o r y  of SATURN f l i g h t  S A - 1  t h e  method 
gave good r e s u l t s  o v e r  an a l t i t u d e  r a n g e  up t o  a b o u t  2 5  Km 
and above  a b o u t  50 Km. 
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F l i g h t  Cond i t ions  
Time = 6 2 . 5 8  see .  
Ut.= 11.71 KIY 
M = 1.53 
SA- 1 
5 3  
C i r c u i a r  Arc 
A p p rox im a t i on 
F I G .  l a  C O Y P A R I S O N  OF JET B O U N D A R I E S  C A L C U L A T E D  
BY TYE X E T H O D  O F  C I R C U L A R  A R C S  WITH 
S A T U R N  S A - 1  P H O T O G R A P H S  
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F l i g h T  C o n d i t i o n s  
Time = E 5 . 0 8  sec  
M. = 2 .80  
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FIG. I d  
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F l i g h t  C o n d i t i o n s  
T i m e  = 103.08 sec 
Alr. = 3 7 . 7 3  KM 
M = 3.79 
SA-1 
FIG. lh 
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Flight. C o n d i t i o n s  
T h e  = 134.58 sec 
A l t .  = 42.32 KM 
M = 4.12 
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PART VI 
DETERMINATION OF VEL0 CITIES 
IN A TURBULENT GAS STREAM 
FROM SCATTERING OF A 
MONOCHROMATIC LIGHT BEAM 
BY 
S. J. Rohertsar. 
A .  Datis 
and 
H.  Y .  Yen 
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INTRODUCTION 
M a r s h a l l  Space F l i g h t  C e n t e r  (MSFC) is  s p o n s o r i n g  
t h e  development of a n  o p t i c a l  t e c h n i q u e  fo r  v e l o c i t y  meas- 
urements  i n  gas flow. This t echn ique  is based on de te rmina -  
tion of v e l o c i t y  from measurements of t h e  Doppler  s h i f t  of 
a monochromatic l i g h t  beam scattered from moving p a r t i c l e s  
suspended  i n  t h e  gas stream. 
used  in these measurements i s  a con t inuous  beam helium-neon 
gas laser w i t h  vacuum beam wavelength of 6 3 2 8 A .  The p a r t i c l e  
s u s p e n s i o n  i s  produced by i n j e c t i n g  smoke i n  t h e  gas stream. 
The monochromatic l i g h t  s o u r c e  
0 
This method was a p p l i e d  by t h e  d e v e l o p i n g  c o n t r a c t o r  
t o  t h e  measurement of v e l o c i t i e s  i n  a t u r b u l e n t  gas stream 
flowing th rough a 1" x 3" r e c t a n g u l a r  t e s t  s e c t i o n .  Due t o  
t h e  t u r b u l e n t  v e l o c i t y  f l u c t u a t i o n s ,  t h e  measured Doppler  
shift f r equency  of t h e  s c a t t e r e d  l i g h t  beams v a r i e d  o v e r  a 
spec t rum cor re spond ing  t o  the v a r y i n g  v e l o c i t i e s  i n  the 
f l u c t u a t i n g  flow. 
Heat Technology Labora tory  h a s  developed t h e  t h e o r e t -  
i c a l  t e c h n i q u e  for r e d u c t i o n  of  t h e  data and performed a n  
a n a l y s i s  of t h e  measured Doppler s h i f t  f r e q u e n c i e s  to deter- 
mine t h e  r e l a t i o n s h i p  between t h e  Doppler  s h i f t  f r equency  
s p e c t r u m  and the v e l o c i t y  fluctuations in t h e  gas stream. 
- 6  7- 
THEORY 
The a n a l y s i s  of t h e  Doppler s h i f t  f r equency  spec t rum 
is treated below in a manner similar t o  t h e  t r e a t m e n t  of 
t h e  Doppler  broadening  of l i n e  s p e c t r a .  
The Doppler  shift f requency ,  fD, i n  c y c l e s  per u n i t  
time of a monochromatic l i g h t  beam scattered from a moving 
particle is g iven  by: 
where k i s  t h e  wave vector of t h e  scattered bearn, k is t h e  
wave v e c t o r  of t h e  incident beam, and V i s  the v e l o c i t y  
v e c t o r  of t h e  particle. 
+ -.s 
4 
The v e c t o r s  k and k,, have t h e i r  d i r e c t i o n s  i n  t h e  .+ + 
d i r e c t i o n  of p r o p a g a t i o n  and a b s o l u t e  v a l u e s :  
1 1 
fkl = -  and lkol =--  
x A *  
where X is t h e  wavelength of t h e  scat tered beam and A, is 
the wavelength  of t h e  i n c i d e n t  beam. X is assumed in this 
a n a l y s i s  t o  be e q u a l  t o  A,. 
The i n s t a n t a n e o u s  v e l o c i t y  v e c t o r  V of a single moving 
-? 
particle i n  t h e  gas stream may be r e p r e s e n t e d  by: 
v =  8 +  v 
+ . ) e  
-68- 
where y is  t h e  mean flow velocity v e c t o r  of the gas stream 
and v i s  the superimposed t u r b u l e n c e  v e l o c i t y  v e c t o r .  
.* 
For  purposes of this a n a l y s i s ,  the f l u c t u a t i n g  v e l o c i t y  
v w i l l  be assumed t o  be completely isotropic, w i t h  a Gauss i an  
p r o b a b i l i t y  d i s t r i b u t i o n  of v e l o c i t i e s  given as follows : 
.* 
B 
f (v,) = - exp ( - B ~ v , ~ )  
?G 
B 
f ( v y l  = - exp ( - - B ~ V ~ * )  
pcn' 
(4) 
i n  analogy w i t h  the k i n e t i c  theory  of gases. The parameter 
B is a measure of the "width" of t h e  t u r 3 u l e n c e  v e l o c i t y  
d i s t r i b u t i o n  c u r v e  and is related to t h e  root-mean-square 
of a t u r b u l e n c e  v e l o c i t y  component as follows: 
The i n t e n s i t y  of t u r b u l e n c e ,  T ,  is u s u a l l y  d e f i n e d  
for i s o t r o p i c  t u r b u l e n c e  as the r a t io  of the root-mean-square 
of a t u r b u l e n c e  v e l o c i t y  component t o  t h e  magnitude of t h e  
mean flow v e l o c i t y  v e c t o r :  
-69- 
1 
The experimental s e t u p  for measuring t h e  Doppler 
s h i f t  frequency spectrum is shown schematically as follows : 
Laser Be am 
Gas Laser 
I ‘-Scattered Beam 
To Spectrum 
Ana 1 y z er 
\ k-k, + - b  Photomultiplier 
x Direction 
The D o p p l e r  s h i f t  frequency from E q .  1 is g i v e n  as 
follows f o r  a rectangular coordinate system w i t h  the x 
d i r e c t i o n  i n  the d i r e c t i o n  of (k - k,) 
+ +  
1 e 
S c a t t e r i n g  from p a r t i c l e s  w i t h  v e l o c i t i e s  w i t h  com- 
ponents  in t h e  range dv, w i l l  r e s u l t  in Doppler s h i f t  fre- 
quencies in the range df, as follows: 
0 2 s i n T  
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The number of scattered beams i n  t h e  f r equency  r a n g e  
df, 
v e l o c i t y  components i n  t h e  range dvx: 
w i l l  be p r o p o r t i o n a l  t o  t h e  number of p a r t i c l e s  w i t h  
e 
- 82  vx*  2 sin - B 
fi dvX 
dv, = K - e 2 3' .If-. = J L 
where J r e p r e s e n t s  t h e  spectral i n t e n s i t y  of the scattered 
r a d i a t i o n  and K is a p r o p o r t i o n a l i t y  c o n s t a n t .  
S u b s t i t u t i n g  t h e  e x p r e s s i o n  for vx o b t a i n e d  from Eq. 
7 and r e a r r a n g i n g  y i e l d s  the Doppler s h i f t  f requency  spec- 
trum: 
where Jo i s  a new c o n s t a n t .  
It can be s e e n  from Eq. 10 t h a t  one can o b t a i n  the 
mean flow v e l o c i t y  v from the e x p e r i m e n t a l  data as follows: 
where (fDIpeak is t h e  Doppler s h i f t  f r equency  a t  the peak 
s p e c t r a l  i n t e n s i t y .  
The value of B c a n  be o b t a i n e d  by p l o t t i n g  t h e  loq- 
ar i thm ( t o  base 10) of the s p e c t r a l  i n t e n s i t y  J as a f u n c t i o n  
of [f, A, - V sin 812/4 s i n 2  ( 8 / 2 ) .  - From E q .  10 it  can be 
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s e e n  t h a t  t h i s  p l o t  s h o u l d  r e s u l t  i n  a s t r a i g h t  l i n e  t he  
n e g a t i v e  slope of which is B2/2.303: 
RESULTS 
A s k e t c h  of the measured Doppler s h i f t  f r equency  
spec t rum,  showing t h e  c a l i b r a t i o n  l i n e s ,  is p r e s e n t e d  i n  
Fig.  1. 
p r e d i c t e d  by Eq. 10.  The peak i n t e n s i t y  is found t o  o c c u r  
a t  a Doppler s h i f t  f r equency  of 8 . 8  megacyles .  From E q .  11, 
t h i s  c o r r e s p o n d s  t o  a mean f low v e l o c i t y  v of 33.7 mlsec. 
This value agrees very c l o s e l y  w i t h  t h e  v a l u e  of 35 .3  m/sec 
o b t a i n e d  by a p i t o t  t u b e  measurement. 
The c u r v e  is observed  t o  d i s p l a y  t h e  Gauss i an  snape 
"he v a l u e  of B i n  Eq. 1 0  was found by p l o t t i n g  i n  
F ig .  2 t h e  l o g a r i t h m  (to base 10) of t h e  s p e c t r a l  i n t e n s i t y  
o b t a i n e d  from Fig .  1 as a f u n c t i o n  o f  t h e  p a r a m e t e r  
The s t r a i g h t  l i n e  f i t  was found by t h e  method of least  
squares. The v a l u e  of B was determined  from Eq. 1 2  and  
u t i l i z e d  in Eq. 6 ,  along w i t h  t h e  p r e v i o u s l y  de te rmined  
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v a l u e  of mean f l o w  v e l o c i t y  7, t o  o b t a i n  a t u r b u l e n c e  i n -  
t e n s i t y  v a l u e  T of 1 3 . 4  percent.  
DISCUSSION OF RESULTS 
The mean flow v e l o c i t y  de t e rmined  from the peak i n -  
t e n s i t y  of t h e  Doppler s h i f t  f r equency  spec t rum is  i n  ex- 
c e l l e n t  agreement  with t h e  v e l o c i t y  measured by p i t o t  t u b e .  
This would leave little doubt as t o  t h e  u t i l i t y  of the 
optical Doppler shift method i n  measur ing  mean f low v e l o c i t i e s  
i n  t u r b u l e n t  flows. 
N o  c o r r e s p o n d i n g  measurements were made w i t h  which 
to compare t h e  t u r b u l e n c e  i n t e n s i t y  v a l u e  of 13.4 p e r c e n t .  
A number of factors,  however, c o u l d  c o n c e i v a b l y  c o n t r i b u t e  
t o  i n c r e a s e d  b roaden ing  of t h e  Doppler s h i f t  f r equency  
spec t rum.  The measurements r e p o r t e d  h e r e i n  were t a k e n  o v e r  
a t i m e  p e r i o d  of one minute .  Any v a r i a t i o n  i n  t h e  flow 
d u r i n g  this t i m e  would broaden the measured spec t rum.  Also ,  
no accoun t  was made i n  the a n a l y s i s  for m u l t i p l e  s c a t t e r i n g .  
Fu r the rmore ,  any v i b r a t i o n  in t h e  o p t i c a l  sys tem c o u l d  con-  
t r i b u t e  t o  the measured Doppler s h i f t  f r equency .  It  is 
c o n s i d e r e d  t h a t  any  of t h e s e  possible errors,  however, 
could be h e l d  below a c c e p t a b l e  l i m i t s  through f u r t h e r  refine- 
ment of t h e  method. Some error c a n ,  of c o u r s e ,  be caused  
by s l i p  between t h e  smoke p a r t i c l e  velocity and t h e  continuum 
fluid v e l o c i t y .  
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CONCLUSIONS AND RECOMMENDATIONS 
t 
1. The measurement of flow velocities in a turbulent gas 
stream can i n  p r i n c i p l e  be accomplished accurately 
through use of optical Doppler s h i f t  frequency measure- 
ments * 
2 .  I t  is recommended t h a t  comparisons be made of turbulence 
measurements using tnis method and measurements us ing  
other e x i s t i n g  methods such as h o t  wire anemometers. 
3 .  The scale of turbulence can be measured much the same 
way as in hot wire techniques i n  which t h e  v e l o c i t y  
c o r r e l a t i o n  factor i s  determined as a funct ion  of dis- 
tance between two measuring p o i n t s .  Two separate 
velocity measuring systems are required.  Due to 
p h y s i c a l  size of the  laser beam equipment it is probable 
t h a t  small t r a v e r s i n g  mirrors would be required f o r  
moving one measuring beam system r e l a t i v e  to t h e  other .  
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PART VI1 
IMPORTANCE OF TURBULENCE 
INTENSITY ON THE BASE 
HEATING PROBLEM 
BY 
Howard Yen 
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INTRODUCTION 
1 
The f l o w  f i e l d  i n  t h e  base r e g i o n  of mul t i - eng ined  
r o c k e t  v e h i c l e s  is complex and no  s a t i s f a c t o r y  mathematical 
model h a s  been p r e s e n t e d  t h a t  will a d e q u a t e l y  d e s c r i b e  the 
f l o w  f i e l d .  Recent  r e s u l t s  of  base r e g i o n  t u r b u l e n c e  i n t e n -  
s i t y  expe r imen t s  (Ref. 1) show t h a t  a h i g h  d e g r e e  of t u r b u -  
l e n c e  i n t e n s i t y  may e x i s t  when t h e  model i s  e x p e r i e n c i n g  
s u p e r s o n i c  flow. It is ~ O X A  that the degree o f  t w b u l e n c e  
i n t e n s i t y  affects  t h e  c o n v e c t i v e  h e a t  t r a n s f e r  r a t e .  
W.V.R. Malkus has developed a t h e o r y  of t u r b u l e n t  
shear flow (Ref. 2 )  and heat  t r a n s p o r t  of t h e r m a l  t u r b u l e n c e  
( R e f .  3 ) .  The p o s s i b l e  a p p l i c a t i o n  of these t h e o r i e s  t o  
r e g i o n s  of s e p a r a t e d  flow has been d i s c u s s e d  by Hanson and 
Richardson  (Ref. 4). Richardson (Ref. 5) developed  an e m p i r i c a l  
e q u a t i o n  similar t o  Malkus' r e s u l t s  t o  p r e d i c t  t h e  h e a t  t r a n s f e r  
c o e f f i c i e n t  i n  a s e p a r a t e d  flow r e g i o n .  me ef fec t  of t u r b u l e n c e  
i n t e n s i t y  has been i n c l u d e d  i n  R icha rdson ' s  r e s u l t s  by i n t r o -  
duc ing  t h e  c r i t i c a l  Reynolds number i n t o  t h e  e q u a t i o n .  The 
pu rpose  of t h e  p r e s e n t  s t u d y  i s  t o  make some e v a l u a t i o n  of 
t h e  a p p l i c a b i l i t y  of Malkus' t h e o r y  and  R icha rdson ' s  p r o p o s a l  
t o  t h e  p r e d i c t i o n  of base  h e a t  t r a n s f e r .  
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DISCUSSION 
Determina t ion  of C r i t i c a l  Reynolds Number 
Theoretical Determina t ion  of C r i t i c a l  Reynolds Number. - 
The c r i t i ca l  Reynolds number may be de termined  t h e o r e t i c a l l y  
f o r  f lows  e x p e r i e n c i n g  small p e r t u r b a t i o n s  by means of t h e  
Orr-Sommerfeld e q u a t i o n  (Ref. 6 ) .  The r e s u l t s  of c a l c u l a t i o n s  
based  on t h e  Orr-Sommerfeld e q u a t i o n  are shown i n  t h e  s k e t c h  
below ( R e f .  7 )  f o r  a two-dimensional boundary l a y e r  hav ing  
a two-dimensional  d i s t u r b a n c e .  
a6 
The symbols used i n  t h e  s k e t c h  are d e f i n e d  as follows: 
R e  = Reynolds number 
R e c  = Cri t ica l  Reynolds number 
a = A q u a n t i t y  r e l a t e d  t o  t h e  wavelength of 
d i s t u r b a n c e  by A = 2n/a 
6 = Boundary l a y e r  t h i c k n e s s  
A = Wavelength of d i s t u r b a n c e .  
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Refe rence  t o  t h e  above ske tch  shows t h a t  t h e  smallest 
u n s t a b l e  Reynolds number i s  t h e  c r i t i ca l  Reynolds number. 
The c r i t i ca l  Reynolds number f o r  f l o w  o v e r  a f l a t  p l a t e  h a s  
been de te rmined  t o  be approx ima te ly  420 (Ref. 7 ) .  
Exper imen ta l  De te rmina t ion  of Cr i t i ca l  Reynolds Number. - 
Laminar t o  t u r b u l e n t  boundary l a y e r  t r a n s i t i o n  measurements have  
b2en performed by s e v e r a l  i n v e s t i g a t o r s  who have found t h a t  the 
t r a n s i t i o n a l  Reynolds number may be descr ibed  as a f u n c t i o n  of 
t h e  f o l l o w i n g  nondimens iona l  pa rame te r s  (Ref. 9): 
where ( R e ) t  is  t h e  t r a n s i t i o n a l  Reynolds number, U is  t h e  
free stream v e l o c i t y ,  6 is the boundary l a y e r  t h i c k n e s s ,  v 
is t h e  k i n e m a t i c  v i s c o s i t y ,  dU/dx i s  r e l a t ed  t o  t h e  p r e s s u r e  
g r a d i e n t ,  r is t h e  r a d i u s  of c u r v a t u r e ,  E is t h e  s u r f a c e  
roughness ,  L i s  t h e  scale of t u r b u l e n c e ,  and u' /U is t h e  
t u r b u l e n c e  i n t e n s i t y .  
No s a t i s f a c t o r y  f u n c t i o n  h a s  been o b t a i n e d  which w i l l  
c o m p l e t e l y  d e f i n e  t h e  e x p e r i m e n t a l  c r i t i c a l  Reynolds number. 
An e x p e r i m e n t a l l y  determined c r i t i c a l  Reynolds number for 
f l o w  o v e r  a f l a t  p l a t e  w i t h  a modera t e ly  small t u r b u l e n c e  
i n t e n s i t y  i s  R e x  = 3 x l o 5  where t h e  s u b s c r i p t  x refers t o  
t h e  w e t t e d  l e n g t h .  Conversion of t h e  c h a r a c t e r i s t i c  l e n g t h  
from w e t t e d  l e n g t h  t o  boundary layer d i s p l a c e m e n t  t h i c k n e s s  
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g i v e s  a c r i t i c a l  Reynolds number of R e 6 *  = 950 (Ref. 8 )  
compared t o  t h e  t h e o r e t i c a l l y  de te rmined  v a l u e  of 4 2 0 .  
I n s t r u m e n t a t i o n  r e s p o n s e  t i m e  p r e v e n t s  t h e  d e t e r m i n a t i o n  
of the i n i t i a l  f l o w  d i s t u r b a n c e s  and is b e l i e v e d  t o  be t he  
major fac tor  c a u s i n g  t h e  d i sc repancy  between t h e  t h e o r e t i c a l  
and e x p e r i m e n t a l  v a l u e s  of c r i t i ca l  Reynolds number. 
Methods of  Heat T r a n s f e r  P r e d i c t i o n  by 
Malkus' Theory and R icha rdson ' s  C o r r e l a t i o n  
Malkus' Theoret ical  R e s u l t s .  - Malkus' r e s u l t s  of heat 
t r a n s p o r t  by t u r b u l e n t ,  f u l l y  developed free c o n v e c t i o n  between 
two p a r a l l e l  f l a t  p l a t e s  can be s t a t e d  as 
where  H i s  t h e  h e a t  t r a n s p o r t ,  p 
i s  the s p e c i f i c  h e a t  c a p a c i t y ,  K i s  t h e  the rmomet r i c  c o n d u c t i v i t y ,  
Bo is t h e  n e g a t i v e  t empera tu re  g r a d i e n t  between t h e  p l a t e s ,  Ra 
i s  t h e  Rayle igh  number, and Rac i s  the c r i t i c a l  Ray le igh  number. 
By u s i n g  t h e  d e f i n i t i o n  of t h e  N u s s e l t  number, Eq. (2) may be 
r e w r i t t e n  as 
i s  t h e  a v e r a g e  d e n s i t y ,  Cv 
0 
1/ 3 
Nu =(Sc) . ( 3 )  
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R i c h a r d s o n ' s  Exper imenta l  R e s u l t s .  - Richardson  (Ref.  5 )  
observed  r e s u l t s  of a n  experiment  i n v o l v i n g  hea t  t r a n s f e r  from 
t h e  rear  of a body immersed i n  a un i fo rm flow t o  t h e  r e g i o n  of 
s e p a r a t e d  f l o w .  I t  was found t h a t  t h e  r e s u l t s  were c o r r e l a t e d  
w e l l  by a n  e q u a t i o n  of t h e  form 
Nu = A Re2I3 P r  1/3 . (4) 
I n  d e t e r m i n a t i o n  of t h e  c o n s t a n t  A ,  Richardson  related h i s  
r e s u l t s  t o  Malkus' r e s u l t s  by a concep t  o f  "paradox f low".  
H e  found t h a t  t h e  f o r c e d  convec t ion  in s e p a r a t e d  flow i s  
similar t o  free c o n v e c t i o n  between t w o  h o r i z o n t a l  p a r a l l e l  
p l a t e s  (Ref. 5 ) .  Taking t h e  form of Malkus' r e s u l t s  (Eq. 3 1 ,  
Richardson  found t h a t  t h e  c o n s t a n t  A may be re la ted  t o  t h e  
c r i t i c a l  Reynolds number by a n  e q u a t i o n  of t h e  form 
Eq .  (4) c a n ,  t h e r e f o r e ,  be r e w r i t t e n  as 
2/3 
Nu = ($,> ~ r 1 ' 3  . 
Richardson  demons t r a t ed  t h a t  Eq .  ( 6 )  conformed f a i r l y  w e l l  
w i t h  e x p e r i m e n t a l  data .  
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I n f l u e n c e  of Turbulence  I n t e n s i t y  
on Convect ive  Heat T r a n s f e r  
F o r  ex t r eme ly  l o w  t u r b u l e n c e  i n t e n s i t i e s  of t h e  order  
of T e 0.001,  t h e  c r i t i ca l  Reynolds number can  be i n c r e a s e d  t o  
3 x l o 6  f o r  f l a t  p l a t e  flow compared t o  a c r i t i ca l  Reynolds 
number of 3 x l o 5  a t  moderate t u r b u l e n c e  i n t e n s i t i e s .  
known t h a t  t h e  d e g r e e  of t u r b u l e n c e  i n t e n s i t y  affects  t h e  
I t  i s  
c r i t i c a l  Reynolds number on flows o the r  t h a n  classical  f l a t  
p l a t e  flows. From Eq. (6) t h e  change of c r i t i ca l  Reynolds 
number will s t r o n g l y  a f fec t  t h e  h e a t  t r a n s f e r  r a t e .  I n  r e c e n t  
r e s u l t s  of base regime t u r b u l e n c e  i n t e n s i t y  expe r imen t s  r e p o r t e d  
by Ref. 1, t u r b u l e n c e  i n t e n s i t i e s  of 4 0  t o  100 p e r c e n t  have  
been  obse rved ;  t h e r e f o r e ,  it is e v i d e n t  t h a t  t h e  effect  of 
t u r b u l e n c e  i n t e n s i t y  on c o n v e c t i v e  hea t  t r a n s f e r  can  n o t  be 
n e g l e c t e d  i n  t h e  base h e a t i n g  problem. 
CONCLUSIONS 
The Orr-Sommerfeld e q u a t i o n  fo r  i n s t a b i l i t y  i s  n o t  
a p p l i c a b l e  t o  t h e  problem of d e t e r m i n i n g  c r i t i ca l  Reynolds 
numbers i n  t h e  base r e g i o n  o f  t e s t  models e x p e r i e n c i n g  flow 
w i t h  l a r g e  v a l u e s  of t u r b u l e n c e  i n t e n s i t i e s .  Turbu lence  
i n t e n s i t i e s  as h i g h  as 4 0  to 1 0 0  p e r c e n t  have  been obse rved  
on t h e  base of t e s t  models e x p e r i e n c i n g  s u p e r s o n i c  flows. 
R i c h a r d s o n ' s  c o r r e l a t i o n  i s  shown t o  be an  e m p i r i c a l  
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equation which relates convective heat transfer and critical 
Reynolds number. 
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